It is proved that all cohomology groups of a group G acting on an abelian group of a certain type vanish if the action of some subnormal abelian subgroup of G is fixed-point-free. This result is then applied to obtain results about group extensions and about the complete reducibility of linear groups.
field, and V a kG-module, finite dimensional over k. If H°(N, V) ( = VN = {v G V: hv = v for all h G N}) = 0, then Hr(G,V) = 0 for r > 0. Theorem 1. Let A be a W-module for G. If N is a subnormal abelian subgroup of G such that AN = 0, then Hr(G,A) = Ofor r > 0. 1 . Preliminaries. Let G be a group with center C, R a commutative ring with unity 1 ¥= 0, and let A be an i?G-module. If a G RC, then the map a \-* aa is an /\G-endomorphism of A. If ea = 0, (e is the unit augmentation), then the induced endomorphism a* of each cohomology group Hr(G,A) is the zero map.
For if X is an ÄG-projective resolution of the trivial G-module R, then the map X -* X, given by x h» ax, is a map over the zero map on R (in the sense of [1, p. 76] ), hence by [1, Chapter V, Proposition 1.1] is homotopic to the zero map X -* X. This homotopy carries over to the complex Horn (X,A), so the induced maps a* and 0* on the homology of this complex are the same. This remark is a special case of Exercise 6, Chapter X of [1] , which can be proved in the same way.
Some consequences: (a) If there exists a G AC with ea = 0 such that a is injective on A (i.e., a h> aa is an injective endomorphism of A) and there exists ß G RG with eß = 0 such that ß is bijective on A, then H](G,A) = 0. 2. The main theorem. The proof of the Proposition will be based on part (a) of the following lemma. As the reader may easily see, part (b) could be used to give a more direct proof under the additional assumption that dim V < \k\.
Lemma. Let B be a commutative subset of End V, V a vector space of dimension « < oo over a field k of order q < oo, and suppose VB = {v G V: bv = v for all b G B) = 0. Proof of Proposition. We will show first that HriN,V) = 0 for r > 0. We may assume that V is /V-indecomposable since the functor HriN, ) preserves direct sums. 3. Group extensions. We recall that any extension of a group Kby a group G induces a coupling of G to K, i.e., a homomorphism G -» Out A" = AutA"/InÀ", where In AT is the group of inner automorphisms of K[2, §5.1], and this induces an action of G on the center of K. However, not every coupling gives rise to an extension.
We shall call an abelian group a V-group if it is the direct sum of a finite group and a finite-dimensional vector space over Q.
Corollary
2. Let K be a group whose center A is a V-group and let X'-G -» Out K be a coupling such that the action on A of some subnormal abelian subgroup N of G is fixed-point-free.
(As noted in the Introduction, A is automatically a W-module for G A Then: Note that we can extract a more general statement from the proof of Corollary 4. Namely, if we replace the hypothesis "no nilpotent in the centralizer of iV" by "no nilpotent / in the centralizer of N such that f(V) C W", then we may conclude that W has an invariant complement. For, the endomorphism / constructed in the proof clearly satisfies the forbidden condition, hence is 0, so/' = 0.
